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Abstract- The Kr -core of a complex valued sequence has been introduced in [5]. In this 
paper, we have determined a class of matrices such that Kr - core (Ax) ⊆Kr - core (x) 
hold for all x∈ l∞. Also; we have defined a new type of absolute equivalence, r - 
absolute equivalence, and characterized these type of matrices. 
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1. INTRODUCTION 
 

Let A be an infinite matrix of complex entries ank (n, k ∈ N, the set of natural 
numbers) and x = (xk) be a sequence of complex numbers. Then  Ax = {(Ax)n} is called 
the A transform of x, if (Ax)n = ∑k knk xa  converges for each n. For two sequence 

spaces X and Y we say that A ∈ (X, Y) if Ax ∈ Y for each x ∈ X. If X and Y are equipped 
with the limits X-lim and Y-lim, respectively, and if A ∈ (X, Y) and Y-limn (Ax)n = X-limk 
xk for all x ∈ X, then we say A regularly transforms X into Y and write A ∈ (X, Y)reg. The 
matrix A ∈ (c, c)reg is said to be regular and the conditions of regularity are well-known, 
[4, pp. 4], where c is the space of all convergent complex sequences. 

The regular matrices A and B are said to be absolutely equivalent on l∞, the space 
of all bounded complex sequences, [4, pp. 97] if lim (Ax - Bx) = 0, (i.e., Ax and Bx have 
the same limit or neither of them goes to a limit but their difference goes to zero). It is 
also well-known [4, pp. 105] that the regular matrices A and B are absolutely equivalent 
on l∞ if and only if 
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k

nknkn
ba . 

  
Let us define, for any real number r, the matrix Ar = ( r

nka ) by 
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In [3], it is shown that the matrix Ar is regular for 0< r <1 and it is stronger than 
the Cesáro matrix defined by 







>

≤
+=

.,0

,
1

1

nk

nk
ncnk  



 
 

C. Çakan and C. Aydın 
 
410 

The β–dual space of a sequence space X is defined by 
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and by XA we mean the set of sequences such that  Ax ∈ X, i.e., 
}:){( XAxxX kA ∈= . 

In [2], the new sequence space r
ca  is defined by rA

c  and it is shown that 
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where cs is the space of all convergent series. Note that if a sequence x ∈ r
ca , then we 

write r
ca -lim x exists. Also, the sequence space ra∞  is introduced as rA

l )( ∞  and it is 
established that 
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where c0 is the space of all null sequences. 
 

 Let us write 
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and Hn be the least closed convex hull containing ,...,, 21
r
n

r
n

r
n ttt ++ . In [5], Kr-core of a 

complex sequence x is defined by the intersection of all Hn. Also, it is shown that 
I
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for any x ∈ l∞, where |})(|suplim|:|{)( zxtzwCwzG r
nnx −≤−∈= and C is the set of 

all complex numbers. 
In the present paper, we have determined the necessary and sufficient conditions 

on a matrix A for which Kr-core (Ax) ⊆ Kr -core (x) for all x ∈ l∞. Also, we have 
introduced a new type of absolute equivalence, r-absolute equivalence, and 
characterized the r-absolutely equivalent matrices. 
 

2. THE INCLUSION THEOREM 
 
Firstly, we shall quote some lemmas which will be useful to our proofs.  

 
 
 Lemma 2.1 [5, Lemma 2.1]. A ∈(l∞, r

ca ) if and only if  
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k
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where  
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Next lemma is a special case of the Corollary 5.5 of [2] for s = 1. 

 Lemma 2.3.  reg
r
c caA ),(∈  if and only if the conditions (2.5) and (2.6) holds for 

α k = 0 and  
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 Lemma 2.4. A∈ reg
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Proof. Let r

cax∈  and consider the equality  
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where )( nkdD =  defined by 
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Furthermore, since the spaces r
ca  and c  are linearly isomorphic (see [2]), we deduce 

from that reg
r
c

r
c aaA ),(∈  if and only if  reg

r
c caD ),(∈ . Therefore, the necessary and 

sufficient conditions are obtained from the Lemma 2.3 by replacing the entries of matrix 
A by those of the matrix D . 
 

 Lemma 2.5. ),( r
c

r aaA ∞∈  if and only if the conditions (2.4) and (2.10) hold and 

(2.14)          knkn
a α=∆~lim  for each k, 

(2.15)          0|~|lim =−∆∑
k

knkn
a α . 

 Proof.  For rax ∞∈ , by (2.13), one can easily see that ),( r
c

r aaA ∞∈  if and only if  

),( caD r
∞∈ . Hence, the proof follows from Lemma 2.2. 

 Following is a Steinhauss type theorem. 

 Lemma 2.6. The classes ( ra∞ , r
ca ) and reg

r
c

r
c )a  ,(a  are disjoint. 

 Proof. Suppose, if possible, there exists a matrix A belonging to the two classes. 

Then, Lemma 2.4 and 2.5 implies that 
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But since 

                    ∑∑ ∆≤∆
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0~lim =∆∑k nkn a  which contradicts to the condition (2.12). This completes the proof. 

 Now, we may give our main theorem. 

 Theorem 2.7. Let A∈ reg
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r
c )a  ,(a . Then, Kr -core (Ax) ⊆ Kr -core (x) for all x ∈ l∞ 

if and only if  
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 Proof (Necessity). Suppose that the condition (2. 16) does not hold. Then, 
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The conditions (2.10)-(2.12) allow us to choose two strictly increasing sequences {ni} 

and {k(ni )} (i = 1, 2, …)  of positive integers such that 
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Now, let us define a sequence x = (xk) by )(1)(,~
1, iiknk nkknkasignx
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Then,  since Ar is regular, 1)(suplim ≤xt r
kk . Therefore,  
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Also, 
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Since A∈ reg
r
c

r
c )a  ,(a , it follows that )}({ Axt r

ni
 is bounded and hence )}({ Axt r

n  has a 

subsequence whose r
ca -limit cannot be in }1|:|{ ≤∈ wCw . This is a contradiction with 

the fact that Kr -core (Ax) ⊆ Kr -core (x). Thus, (2.16) must be hold. 

 (Sufficiency). Let w ∈ Kr -core (Ax). Then, for any given z ∈ C , we can write 
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 Therefore, applying the operator limsupn to (2.18) and using the hypothesis with 
(2.17), we have 
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|w-z| ≤ )(~suplim zxa k
k

nk
n

−∑  ≤ l + ε. 

This means that w ∈ Kr-core(x) and the proof is completed. 
 
 Our next theorem is an application of the Lemma 2.6 and Theorem 2.7. In this 
theorem we consider the real bounded sequences. In that case, the Kr-core of a sequence 
x is the closed interval [ )(inflim xt r

kk , )(suplim xt r
kk ]. 

 Theorem 2.8. Let B be a matrix in the class reg
r
c

r
c )a  ,a (  satisfying the condition 

(2.16). Then, there is no matrix A such that )(inflim)(suplim BxtAxt r
nn
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nn ≤  for all x ∈ 

l∞. 
 Proof. Suppose, if possible, there exists such a matrix A. Theorem 2.7 implies 
that 
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contradicts to the fact B ∈ reg
r
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c )a  ,a (  . This proves the theorem. 

 
 

3. R - ABSOLUTE EQUIVALENCE 
 
 In this section, we introduced and characterized r-absolutely equivalence 
matrices. 
 Definition 3.1. The matrix A, B ∈ reg

r
c

r
c )a  ,(a  is said to be r-absolutely 

equivalent on l∞ if lim 0)( =− BxAxt r
n for all x ∈ l∞. 

 Theorem 3.2. The matrices A, B ∈ reg
r
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r
c )a  ,(a  are r-absolutely equivalent on l∞ 

if and only if  
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 Proof. (Necessity). Let A and B be r-absolutely equivalent on l∞. Then, clearly 
the matrix D = (dnk) defined by dnk = (ank - bnk) is in the class (l∞, ra0  ). Therefore, the 
necessity of the condition (3.1) follows from a result of Lemma 2.1. 
 (Sufficiency). Let the condition (3.1) hold and x ∈ l∞. In this case, we have 
                                  

                                 |Ax – Bx| = ∑ −
k

knknk xba )~~(  

                                                 x≤ ∑ −
k

nknk ba |~~| , 

which by (3.1) implies the r-absolute equivalence of A and B. 
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