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Abstract-The purpose of this paper is to introduce a summary of known results and the 
definition of the time-like ruled surface with the space-like generating space in the 
Minkowski space nIR1 , and to present some characteristic results related with 
minimality and total developability of the ruled surface in the n-dimensional Minkowski 
space  nIR1  . 
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1. INTRODUCTION 
 We will assume throughout this paper that all manifolds, maps, vector field, etc. 
... are differentiable of class ∞C . 
 First of all, we give some properties of a general submanifold M  of  the 
Minkowski n-space nIR1 , [1]. Let  D  be a Levi-Civita connection of nIR1  and D  be a 
Levi-Civita connection of M . If  ( )MYX χ∈,  and V  is the second fundamental 
tensor of ,M  we have by decomposing YDX  in tangential and normal components: 
                                       ( )YXVYDYD XX ,+= .                             (1.1) 
The equation (1.1) is called Gauss equation. 
 If ζ  is any normal vector field on ,M we find the Weingarten equation by 
decomposing ζXD  into tangential component and normal components as  
                                       ( ) ζζ ζ

⊥+−= XX DXAD .          (1.2) 

ζA  determines a self-adjoint linear map at each point and ⊥D  is a metric connection in 

the normal bundle ( )M⊥χ . In this paper, we note that ζA  will be used for the linear 
map and the corresponding matrix of the linear map.  
 If the metric tensor of nIR1  is denoted by , , from the equation (1.1) and (1.2), it 
follows that 
                                       ( ) ( ) YXAYXV ,,, ζζ =          (1.3) 

 If mn−ζζζ ,,, 21 K  constitute an   orthonormal basis of ( )M⊥χ , then we set  

                                       ( ) ( )∑
−

=

=
mn

j
jYXAYXV

1

,, ζζ .                                                (1.4) 

 The mean curvature H  of  M at the point P  is given by  
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                                       ∑
−

=

=
mn

j
jM

trA
H j

1 dim
ζζ .         (1.5) 

For every ( ) , 1 4,iX M iχ∈ ≤ ≤ the 4th order covariant tensor field defined by R as  

                                            ( ) ( ) 24314321 ,,,,, XXXRXXXXXR =         
is called the Riemann curvature tensor field and its value at a point MP∈ , is called 
Riemann curvature of M at the point P . 
  If V  is the second fundamental tensor, then we have  
                 ( ) ( ) ( ) ( ) ( )YXVYXVYYVXXVXYXRY ,,,,,,,, −= .                   (1.6) 
Let ∏  be a tangent plane of M  at P . For   all ∏∈PP YX , , the real function K  
defined by  

                                       ( ) ( )
2,,,

,,
,

PPPPPP

PPPP
PP

YXYYXX

YXYXR
YXK

−
=                        (1.7) 

 is called the section curvature function. ( )PP YXK ,  is called the sectional curvature of 
M  at P . 
 Let R  be the Riemann curvature tensor and { }meee ,,, 21 K  be a system of 
orthonormal basis of ( )PTM . The tensor field S  defined  in the form  

                                       ( ) ( ) ii

m

i
i eYeXRYXS ,,,

1
∑
=

= ε                                             (1.8) 

is called the Ricci curvature tensor field and the value of ( )YXS ,  at MP∈  is also 
called the Ricci curvature, where 

                                                
1 , ,

, ,
1 , .

i
i i i i

i

if e time like
e e

if e space like
ε ε

− −
= = + −

     

 The real number skr  defined in the form  
                                       ( ) ( )∑∑

<≠

==
ji

ji
ji

jisk eeKeeKr ,2,                                         (1.9) 

is called the scalar curvature tensor field of M . 
 Let V  be the second fundamental tensor of M . If  
                                     ( ) 0, =XXV                                                                          (1.10) 
for ( )MX χ∈ , then X  is called asymptotic vector field on M . If  
                                      ( ) 0, =YXV                                                                          (1.11) 
for all ( )MYX χ∈, , then M  is totally geodesic.  

 Let M  be a (k+1)-dimensional ruled surface in nIR1 . Then M  can be locally 
represented by  

                       ( ) ( ) ( )1 2
1

, , , , , 1 .
k

k i i i
i

s u u u s u e s u IR i kφ α
=

= + ∈ ≤ ≤∑K           (1.12) 

If the generating space ( ) { }kk eeespsE ,,, 21 K=  of M  is a space-like subspace and the 
base curve α  is time-like, then this surface is called the (k+1)-dimensional time-like 
ruled surface in nIR1 ,[2]. 
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If 
                                      mkeDeDeeerank keek −= 2],,,,,[

00 110 KK                       (1.13) 
at each point P  of ,M  then M is called m − developable. If  1−=m , then generalized 
the time-like ruled surface M  is called as non-developable. If 1−= km , M  is called as 
total developable, where 0e  is the tangent vector of the base curve. 
 Suppose that   { }keee ,,, 10 K  is an orthonormal base field of the tangential 
bundle ( )Mχ  and { }121 ,,, −−knζζζ K   an orthonormal base field of the normal bundle 

( )M⊥χ . Then an orthonormal base field of ( )nIR1χ   is           
                                             { }1110 ,,,,,, −−knkeee ζζ KK . 
If we write the Weingarten derivative equation for the base vectors jζ we have 

                                    ( ) jeije iji
DeAD ζζ ζ

⊥+−=                                                       (1.14) 
or 

                        
0

1

00 0 0 0
1 1

, 1 1
k n k

j j j
e j r r s s

r s
D a e a e b j n kζ ζ

− −

= =

= + + ≤ ≤ − −∑ ∑          

                                                                                                                                   (1.15) 

                        
1

0 0
1 1

, 1
i

k n k
j j j

e j i ir r is s
r s

D a e a e b i kζ ζ
− −

= =

= + + ≤ ≤∑ ∑ . 

From the above derivative equation we have 

                                      

( ) ( )110

01

00100

00

00

+×+



















−

−
−=

kk
j
k

j

j
k

jj

a

a
aaa

A
j

L

MMMM

L

L

ζ  .                             (1.16) 

 
The Riemann curvature  of the 2-dimensional cross section spanned by the vectors 
( )i Pe ,1 i k≤ ≤ , of M   and Pe )( 0  can be given by 

                                 ( ) 000 ,, eDeDeeK
ii eei = ( )∑

−−

=

=
1

1

2
0

kn

j

j
ia  .                                   (1.17) 

The mean curvature of M  is 

                               ( )00 ,
1

1 eeV
k

H
+

−=   .      (1.18) 

 
 

2. ON THE PROPERTIES AND SOME CHARACTERIZATION OF (k+1)-
DIMENSIONAL TIME-LIKE  RULED SURFACES WITH THE SPACE-LIKE 

GENERATING SPACE IN THE MINKOWSKI SPACE. 
Theorem 1 Let M be ( )1+k -dimensional time-like ruled surface and { }keee ,,, 21 K   
be an orthonormal base field of the space-like generating space ( )sEk . Then the lines 
corresponding to keee ,,, 21 K  are asymptotics and geodesics of M . 
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Proof : Since the lines corresponding to the orthonormal base field vectors keee ,,, 21 K  
of the space-like generating space ( )sEk  are geodesics of  nIR1 , we have  
                                            kieD iei

≤≤= 1,0 . 
From (1.1) we have 
                                            ( )iiie eeVeD

i
,−=  

and thus 
                                            ( )0, , 0

ie i i iD e V e e= = . 
Therefore the lines corresponding to keee ,,, 21 K  are asymptotics and geodesics of M . 
 
Theorem 2 M  is total developable iff 00 =eD

ie , ki ≤≤1 . 
Proof : Let { }keee ,,, 10 K  be an orthonormal basis of M  and M  be total developable. 
Since the system  { }keee ,,, 10 K  is linearly independent, 0eD

ie  has no component in the 

normal bundle ( )M⊥χ , that is ( ) 0, 0 =eeV i . 
We know that  
                                    ( )iie eeVeD ,00

= .                                                              (2.1) 
Since V  is symmetric, from  (2.1) we have  
                                             0 0, 1

ieD e i k= ≤ ≤ .    

Conversely, assume that 00 =eD
ie . By (1.1) and (2.1) we have ( ) 0, 0 =eeV i . If we set 

this in the Gauss equation, we find  
                                            ieie eDeD

00
= . 

and 
                                            { }kie eeespeD ,,, 100

K∈  
Thus we observe that  
                                            1],,,,,,,[

000 2110 += keDeDeDeeerank keeek KK .  
 
Theorem 3 M is total developable and minimal iff M is totally geodesic. 
Proof: We assume that M  is total developable and minimal. If ( )MYX χ∈, , we have  

                      0 0
1 1

,
k k

i i j j
i j

X a e ae Y b e be
= =

= + = +∑ ∑  

Therefore we find 

                            ( ) ( ) ( ) ( ) ( )∑∑
==

+++=
k

ji
jijii

k

i
ii eeVbaeeabVeeVabbaYXV

1,
000

1
,,,, . 

Since ( ) 0, =ji eeV  and M  is minimal and total developable we have 
                                            ( ) 0, =YXV ,       for all ( )MYX χ∈, . 
Conversely, let ( ) 0, =YXV , for all ( )MYX χ∈, . Then we have the following 
relations: 

                     ( ) 0,0 =ieeV , ( ) 0, 00 =eeV   and   ( ) 0, =ji eeV ,      kji ≤≤ ,1    
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By using these equations and (2.1), we find 00 =eD
ie  and so, M is total developable. 

Moreover, ( ) 0, 00 =eeV  implies that 0=H . Therefore M  is minimal. 
 Let { }keee ,,, 10 K  an orthonormal basis of ( )Mχ  and { }121 ,,, −−knζζζ K   an 
orthonormal basis of  ( )M⊥χ . Moreover, we can give covariant derivative equations of 
the  orthonormal basis { }1110 ,,,,,, −−knkeee ζζ KK  of ( )nIR1χ  as follows: 

                             
0

0

1

( )
0 1

1

( ) ( )( )
0 1

, 0

, 1 1.

k n k

e r ri i r k m m
i m

k n k

e j k j i i k j k m m
i m

D e c e c r k

D c e c j n k

ζ

ζ ζ

− −

+
= =

− −

+ + +
= =

= + ≤ ≤

= + ≤ ≤ − −

∑ ∑

∑ ∑
       (2.2) 

If  we calculate the coefficient , 0 , 1stc s t n≤ ≤ −  , and write the equation (2.3) in the 
matrix form we obtain: 
 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )
























































−−−

−−
−=





























−−−+−−−

−++++

−+

−+

−+

−− 1

1

1

0

1111110

1111110

1110

1111101

1010001

1

1

1

0

0

0
0

0
0

0

0

0

0

0

kn

k

nknknn

nkkkkk

nkkkkk

nkk

nkk

kne

e

ke

e

e

e

e
e

cccc

cccc
cccc

cccc
cccc

D

D
eD

eD
eD

ζ

ζ

ζ

ζ
M

M

LL

MMMMMMM

LL

LL

MMMMMMM

LL

LL

M

M

.  (2.3) 

By using the equation (2.3) we can give the following theorem. 
 
Theorem 4 Let M  be a ( )−+1k dimensional time-like ruled surface in nIR1 , 
{ }keee ,,, 21 K  be an  orthonormal base field of the space-like generating space ( )sEk  
and let the base curve ( )sα  be an orthogonal trajectory of ( )sEk . Then the following 
propositions are equivalent: 
 (i) M  is total developable, 
 (ii) The Riemanian curvature ( )0,eeK i  of M  is zero,  ki ≤≤1 , 
 (iii) In the equation (2.3) 0, 1 , 1 1,rsc i k k s n= ≤ ≤ + ≤ ≤ −  
 (iv) ( ) 0, 1 , 1 1

j iA e i k j n kζ = ≤ ≤ ≤ ≤ − − , 

 (v) ( )MeD ie χ∈
0

. 
Proof: 
 ( )iii ⇒ : We assume that M  is total developable. Then by the Theorem 2 and 
the equation (1.17) we find 
                                             ( )0, 0.iK e e =  

 ( )iiiii ⇒ : Let ( )0, 0.iK e e =  
From (1.15) and (1.16) we find 
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0

, 0.e j iD eζ =  

This equation shows that jeD ζ
0

 has no component in the directions of  keee ,,, 21 L . 
Hence we have  
                                            0=rsc  
in the equation (2.3). 
 ( )iviii ⇒ : Let’s assume that 0.rsc =  By (2.3) we obtain 

                                     
0

, 0, 1 1.e j i i isD e c j n kζ ε= − = ≤ ≤ − −  
Thus, from (1.17), it is seen that 
                                            j

iiije aeD 0,
0

εζ =  
and 
                                            0 0.j

ia =  
By (1.17) we know that 
                                            0, =rje eD

i
ζ . 

Then from last two equations, we obtain 
                                            ( ) 0.

j iA eζ =  

 ( )viv ⇒ : Let  ( ) 0.
j iA eζ =  

By (1.17) we have 
                                            00 =j

ia . 

and jeD ζ
0

 has no component in the directions of   keee ,,, 21 L , i.e. 
                                            0.rsc =  
Then from (2.3) we have  
                                            0,

0
=ije eD ζ  

Since 
                                            0,,

00
=−= jieije eDeD ζζ  

we may write                    
                                            ( )MeD ie χ∈

0
. 

 ( )iv ⇒ : Let ( )MeD ie χ∈
0

. Thus we have 

                                            { }kie eeespeD ,,, 100
K∈  

or                                            1],,,,,[
00 110 += keDeDeeerank keek KK . 

This means that M is total developable. 
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