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1. INTRODUCTION 

Dual numbers had been introduced by W. K. Clifford (1845-1879 ) as a tool for 
his geometrical investigations. After him, E. Study used dual numbers and dual vectors 
in his research on line geometry and kinematics [ ]6 . He devoted special attention to the 
representation of directed line by dual vectors and defined the mapping that is said with 
his name; he proved that there exists one to one correspondence between the points of 
the dual unit sphere 2~S  and the directed lines of the Euclidean 3-space 3IR  (E. Study’s 
mapping ).  
 In [ ]7 , by taking the Minkowski 3-space 3

1IR  instead of 3IR , Uğurlu and 
Çalışkan gave a correspondence of E. Study’s mapping as follows: There exist one to 
one correspondence between the dual spacelike unit vectors of dual Lorentzian unit 
sphere 2

1
~S  in the dual Lorentzian space 3

1D  and directed spacelike lines of the 
Minkowski 3-space 3

1IR . 
 In plane Lorentzian geometry it is studied points, timelike, spacelike, and ligtlike 
lines, triangles, etc [ ]3 . On the Lorentzian sphere, there are points, but there are no 
straight lines, at least not in the usual sense. However, straight timelike, spacelike and 
lightlike lines in the Lorentzian plane are characterized by the fact that they are the 
shortest paths between points. The curves on the Lorentzian sphere with the same 
property are timelike, spacelike and lightlike circles. Thus it is natural to use these 
circles as replacements for lines. 
 The formulas for the sine and cosine rules are given for Euclidean plane 2E [2, 
4], Lorentzian plane 2

1IR  [3], Euclidean sphere 2S  [2, 4], hyperbolic sphere 2
0H  [2, 5], 

and dual Euclidean sphere 2~S  [8].  
The aim of this work is to prove the sine and cosine rules for a spherical pure 

triangle on the dual Lorentzian unit sphere 2
1

~S . 
 
2. DUAL NUMBERS AND DUAL LORENTZIAN VECTORS 

 In this section we give a brief summary of the theory of dual numbers and dual 
Lorentzian vectors. 
 Let 3

1IR  be a 3-dimensional Minkowski space over the field of real numbers IR  
with the Lorentzian inner product < , > given by 
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332211, babababa −+=>< , 

where ),,( 321 aaaa=  and 3
321 ),,( IRbbbb ∈= . 

 A vector ),,( 321 aaaa=  of 3
1IR  is said to be timelike if 0, <>< aa , spacelike if 

0, >>< aa , and lightlike (or null ) if 0, =>< aa . The norm of a vector a  is defined by 

><= aaa , . Now let ),,( 321 aaaa=  and ),,( 321 bbbb=  be two vectors in 3
1IR , 

then the Lorentzian cross product is given by  
.),,( 122113313223 bababababababa −−−=×  

 A dual number has the form *:ˆ ελλλ += , where λ  and *λ  are real numbers and 
ε  stands for the dual unit which is subject to the rules: 

.11,000,0,0 2 εεεεεεε =====≠  
We denote the set of dual numbers by D : 

{ }0,,:ˆ 2** =∈+== ελλελλλ IRD . 
Equality, addition and multiplication are defined in D  by  

** εββελλ +=+  if and only if βλ =  and ,** βλ =  
)()()()( **** βλεβλεββλελ +++=+++ , 

and 
,)()()( **** βλβλελββεβελλ ++=++  

respectively. Then it is easy to show that ).,,( +D  is a commutative ring with unity. 
The numbers *ελ  are divisors of 0. We note that if λ  and β  are two nonzero elements 
of a ring R  such that 0=βλ , then λ  and β  are divisors of 0 ( or 0 divisors ) 

Moreover, if D∈+=+= ** ˆ,ˆ εβββλελλ  with 0≠β  then the division is given 
by  

)(ˆ
ˆ

2

**

*

*

β
βλ

β
λ

ε
β
λ

εββ
λελ

β
λ

−+=
+
+

= . 

Now let f  be a differentiable function. Then the Maclaurin series generated by 
f  is  

)()()()ˆ( ** xfxxfxxfxf ′+=+= εε , 
where )( xf ′  is the derivative of f . Then we have  

)3(,sincos)(cos
)2(,sincos)(cos
)1(,cossin)(sin

**

**

**

xxxxx
xhxxhxxh

xhxxhxxh

εε

εε

εε

−=+

+=+

+=+

 

)5(.)0(,
2

)4(,cossin)(sin
*

*

**

>+=+

+=+

x
x

xxxx

xxxxx

εε

εε
 

 The norm of x̂  of a dual number *ˆ xxx ε+=  defined by  
*22* 2ˆˆ xxxxxxx εε +==+= . 
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Then the formula (5) allows us to write  
*ˆ xxx ε+= )0(* ≠+= x

x
xxx ε . 

Thus we have  









<−
=
>

=
.0ˆif,ˆ

0ˆif,0
0ˆif,ˆ

ˆ
xx
x
xx

x  

 Let 3D  be the set of all triples of dual numbers, i.e. 
{ }.3,2,1,),,(~

321
3 =∈== iDaaaaaD i  

The elements of 3D  are called as dual vectors. A dual vector a~  may be expressed in the 
form *~ aaa ε+= , where a  and *a  are the vectors of 3IR . 

Now let *~ aaa ε+= , 3*~ Dbbb ∈+= ε  and D∈+= *
11

ˆ λελλ  then we define  

.)(~ˆ
),(~~

*
1

*
11

**

aaaa

bababa

λλελλ

ε

++=

+++=+
 

Then 3D  becomes a unitary D -module with these operations. It is called D -module or 
dual space (see, [1] for real Lorentzian concepts). 
 The Lorentzian inner product of two dual vectors *~ aaa ε+= , *~ bbb ε+=  is 
defined by  

,),,(,~,~ ** ><+><+><=>< babababa ε  
where >< ba ,  is the Lorentzian inner product of the vectors a  and b  in the Minkowski 
3-space 3

1IR [7]. 
 A dual vector  *~ aaa ε+=  is said to be timelike if ,0~,~ <>< aa spacelike if 

,0~,~ >>< aa  and lightlike (or null) if .0~,~ =>< aa  
 The set of dual timelike, spacelike and lightlike vectors is called dual Lorentzian 
space and it is denoted by ,3

1D  i.e. 





 ∈+==

3

1
**3

1 ,~ IRaaaaaD ε . 

 The Lorentzian cross product of dual vectors a~  and 3
1

~ Db∈  is defined by  
,)(~~ ** babababa ×+×+×=× ε  

where ba ×  is the Lorentzian cross product in 3
1IR  . 

Lemma 2.1. Let 3
1

~,~,~,~ Ddcba ∈ .  Then we have  

.0~,~~;0~,~~
,~,~~,~~,~~,~~~,~~

,~~,~~~,~~)~~(

,~~~~
)~,~,~(det~,~~

=>×<=>×<

><><+><><−=>××<

><+><−=××

×−=×

−=>×<

bbaandaba

cbdadbcadcba

acbbcacba

abba

cbacba
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Let *~ aaa ε+= 3
1D∈ . Then a~  is said to be dual spacelike unit vector if the 

vectors a  and *a  satisfy the following equations  
.0,,1, * =><=>< aaaa  

The set of all dual spacelike unit vectors is called the dual Lorentzian unit 
sphere, and is denoted by 2

1
~S  (for more details, see [7, 8]). 

Theorem 2.2 (E. Study’s Mapping) The dual spacelike unit vectors of the dual 
Lorentzian unit sphere 2

1
~S  are in one to one correspondence with the directed spacelike 

lines of the Minkowski 3-space 3
1IR  [7].              ■ 

 
3. THE SINE AND COSINE RULES FOR DUAL LORENTZIA 

SPHERICAL TIMELIKE PURE TRIANGLES 
In this section we prove the sine and cosine rules for dual Lorentzian spherical 

pure triangles. 
 Let BA ~,~  and C~  be three points on dual Lorentzian unit sphere 2

1
~S  given by 

the linearly independent dual spacelike unit vectors *~ aaa ε+= , *~ bbb ε+=  and 
*~ ccc ε+= , respectively. These points together with the great-timelike-circle-arcs 

ACCBBA ~~,~~,~~  form a dual Lorentzian spherical pure triangle ,~~~ CBA  see Figure 3.1. 
We will suppose that ( ) 0,,det >cba . We denote the dual spacelike unit vectors 

with the same sense as accb ~~,~~
××  and ba ~~×  by ba nn ~,~  and cn~ , respectively. The side 

a~  of CBA ~~~  is defined as the dual central angle for which 
ancbacb a
~sinh~~~,~cosh~,~

=×−=>< . 

It can be given similar definitions for the other sides b~  and c~  of CBA ~~~ . Thus we have 

.~~~sinh~~~,~cosh~,~

~sinh~~~,~cosh~,~

cabnacbac

cnbacba

b

c

×−==×−=><

=×−=><
 

Since we can write *~
aaa nnn ε+= , it is obvious that an  is the real spacelike unit vector 

having the same sense as cb× . If *~ aaa ε+= , we have 0sinh >a . This means that 

aa ~sinh~sinh = , and similarly bb ~sinh~sinh = , cc ~sinh~sinh = . It is obvious that 

ba ~,~  and c~  are the dual spacelike unit vectors having the same sense as accb nnnn ~~,~~ ××  
and ba nn ~~ × , respectively. 

The dual spacelike angle α~  of CBA ~~~  is defined as the dual hyperbolic angle 
given by  

αα ~sinh~~~,~cosh~,~ annnn cbcb =×=>< .                                    (6) 

The dual spacelike angles β~  and γ~  of CBA ~~~  can be defined similarly. 
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Figure 3.1: Dual Lorentzian Spherical Pure Triangle. 
 
Lemma 3.1. (The Dual Lorentzian Cosine Rule I) Let CBA ~~~  be a Lorentzian pure 
triangle on the dual Lorentzian unit sphere 2

1
~S . Then the dual Lorentzian cosine rule I 

is given by  

cb
acb

~sinh~sinh

~cosh~cosh~cosh~cosh
−

+
=α .                                      (7) 

Proof: We shall calculate >××< baca ~~,~~  in two ways. First by the formula (6), we 
obtain 

.~sinh~sinh~cosh

~sinh~sinh~,~

~sinh~,~sinh~~~,~~

cb

cbnn

cnbnbaca

cb

cb

α−=

><−=

>−<=>××<

 

Secondly, by Lemma 2.1, 

.~cosh~cosh~cosh

,~cosh~cosh~cosh

,~,~~,~~,~
,~,~~,~~,~~,~~~,~~

bca

bca

acbabc

acbabcaabaca

+=

+=

><><+><−=

><><+><><−=>××<

 

Comparing these two expressions for >××< baca ~~,~~  gives the desired result.■ 
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 In the same way, we obtain dual Lorentzian cosine rule I for β~  and γ~  as 
follows: 

,~sinh~sinh

~cosh~cosh~cosh~cosh
ca

bca
−

+
=β                                     (8) 

.~sinh~sinh

~cosh~cosh~cosh~cosh
ba

cba
−

+
=γ                                      (9) 

Using the equations (1) and (2) we obtain the following corollary: 
Corollary 3.2. The real and dual parts of the formulas (7), (8) and (9) are given by  

( )

( )

( ),coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

;coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

;coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

***
*

***
*

***
*

cba
ba

c
ba

cba

bca
ca

b
ca

bca

acb
cb

a
cb

acb

++
−

=
−

+
=

++
−

=
−

+
=

++
−

=
−

+
=

αβ
γ

βγ

αγ
β

ββ

βγ
α

αα

 

respectively. 
 ■ 

In corollary 3.2, the real parts give the cosine rule I for a real Lorentzian 
spherical triangle. 
Lemma 3.3. (The Dual Lorentzian Sine Rule) Let CBA ~~~  be a Lorentzian pure 
triangle on the dual Lorentzian unit sphere 2

1
~S . Then the dual Lorentzian sine rule is 

given by  

.~sinh

~sinh
~sinh

~sinh
~sinh

~sinh
cba
γβα

==                                               (10) 

Proof: We calculate ( ) ( )baac ~~~~ ×××  in two ways. By using the formula (6), we get 
( ) ( ) ( ) ( )

( )
.~sinh~sinh~sinh~

~sinh~sinh~~

~sinh~~sinh~~~~~

cba

cbnn

cnbnbaac

cb

cb

α=

×=

×=×××

 

On the other hand, by Lemma 2.1, we get 
( ) ( )

( )
( )( )

( ) .~~,~,~

~~,~,~det

~~~,~

~~~,~~~~,~~~~~

acbadet

acba

abac

cbaaabacbaac

=

−−=

>×<−=

>×<+>×<−=×××

 

Comparing these two expressions for ( ) ( )baac ~~~~ ××× , we have  
( ).~,~,~det~sinh~sinh~sinh cbacb =α  

Therefore 
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( ) .~sinh~sinh~sinh

~,~,~det
~sinh

~sinh
cba

cba
a
=

α                                     (11) 

Similarly, we obtain the same formulas for β~  and γ~ : 
( )

cba
cba

b ~sinh~sinh~sinh

~,~,~det
~sinh

~sinh
=

β                                      (12) 

( ) .~sinh~sinh~sinh

~,~,~det
~sinh

~sinh
cba

cba
c
=

γ                                     (13) 

Formulas (11), (12), (13) complete the proof. 
■ 

 Using the equation (1) we obtain the following corollary: 
Corollary 3.4.  The real and dual part of the formula (10) are given by  

cba sinh
sinh

sinh
sinh

sinh
sinh γβα

== ,                                       (14) 

c
cc

cb
bb

ba
aa

a sinh
sinhcoth

sinh
cosh

sinh
sinhcoth

sinh
cosh

sinh
sinhcoth

sinh
cosh ****** γγγβββααα −=−=− , 

respectively. 
■ 

 The formula (14) gives sine rule for a real Lorentzian spherical triangle. 
Lemma 3.5 (The Dual Lorentzian Cosine Rule II) : Let CBA ~~~  be a Lorentzian pure 
triangle on the dual Lorentzian unit sphere 2

1
~S . Then the dual Lorentzian cosine rule II 

is given by  

βα
γβα

~sinh~sinh

~cosh~cosh~cosh~cosh +
=c                                             (15) 

Proof: For brevity, let BA ~,~  and C~  be ba ~cosh,~cosh  and c~cosh , respectively. Then 
the dual Lorentzian cosine rule I yields 

( ) ( ) 2
1

22
1

2 1~1~

~~~
~cosh

−−−

+
=

BA

CBA
γ                                        (16) 

( ) ( ) 2
1

22
1

2 1~1~

~~~~cosh
−−−

+
=

CA

BCA
β                                         (17) 

( ) ( ) 2
1

22
1

2 1~1~

~~~
~cosh

−−−

+
=

CB

ACB
α .                                      (18) 

On the other hand, since 1~sinh~cosh 22 =− αα , it follows that 

( )( )1~1~
~

~sinh
22

2

−−
=

CB
Dα , 
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where 222 ~~~~~~21~ CBACBAD ++++−= . We note that D~  is positive and symmetric in 
BA ~,~  and C~ . Then we obtain 

( ) ( ) 2
1

22
1

2 1~1~

~
~sinh

−−
=

CB

Dα ,                                      (19) 

( ) ( ) 2
1

22
1

2 1~1~

~~sinh
−−

=
CB

Dβ ,                                       (20) 

( ) ( ) 2
1

22
1

2 1~1~

~
~sinh

−−
=

BA

Dγ .                                       (21) 

 
If we write the formulas (16)-(20) in the right side of the formula (15), then the equality 
is satisfied: 

( )( ) ( )( )
( ) ( ) ( )

( ) ( ) ( )

( )

.~cosh

~
~

~~~~~~21~
~

~~~~~~~~~~~~~~~~
~

1~1~1~

1~1~1~
1~~~~~~~~~~

~sinh~sinh

~cosh~cosh~cosh

2222

32222

22
1

22
1

2

22
1

22
1

2

2

c
C

D
CBACBAC

D
CCBACBABACACBCBA

D
CBA

CAB

CCBABCAACB

=
=

++++−
=

−+−++++
=

−−−

⋅
−−−

−++++
=

+
βα

γβα

 

■ 
 Similarly, we can give the similar formulas for b~cosh  and a~cosh  as follows: 

γα
βαγ

~sinh~sinh

~cosh~cosh~cosh~cosh +
=b                                         (22) 

γβ
αγβ

~sinh~sinh

~cosh~cosh~cosh~cosh +
=a                                       (23) 

 Using the equations (1) and (2)  we obtain the following corollary: 
Corollary 3.6. The real and dual parts of the formulas (15), (22) and (23) are given by 
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( )

( )

( ),coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

;coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

;coshcosh
sinhsinh

sinhsinh,
sinhsinh

coshcoshcoshcosh

***
*

***
*

***
*

αβγ
γβ

α
γβ

αγβ

βγα
γα

β
αγ

βαγ

γαβ
βα

γ
βα

γβα

−+
−

=
+

=

−+
−

=
+

=

−+
−

=
+

=

cb
a

aa

ac
b

bb

ba
c

cc

respectively. 
■ 

 In Corollary 3.6, the real parts give the cosine rule II for a real Lorentzian 
spherical triangle. 
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