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Abstract- In this paper, the variational iteration method is proposed to solve system of
nonlinear Volterra's integro-differential equations. Four numerical examples are
illustrated by this method. The results reveal that this method is very effective and
highly promising in comparison with other numerical methods.
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1.INTRODUCTION

The variational iteration method [1, 2], which is a modified general Lagrange
multiplier method [3] has been shown to solve effectively, easily and accurately, a large
class of nonlinear problems with approximations which converge quickly to accurate
solutions. It was successfully applied to autonomous ordinary differential equation [4],
to nonlinear partial differential equations with variable coefficients [5], to Schrodinger-
KDV, generalized KDV and shallow water equations [6], to Burgers' and coupled
Burgers' equations [7], to the linear Helmoltz partial differential equation [8] and
recently to nonlinear fractional differential equations with Caputo differential derivative
[9], and other fields [10-12, 28-31]. On the other hand, one of the interesting topics
among researchers is solving integro-differential equations. In fact, integro-differential
equations arise in many physical processes, such as glass-forming process [13],
nanohydrodynamics [14], drop wise condensation [15], and wind ripple in the desert
[16]. There are various numerical and analytical methods to solve such problems, for
example, the homotopy perturbation method [17], the Adomian decomposition method
[18], but each method limits to a special class of integro-differential equations. J.H. He
used the variational iteration method for solving some integro-differential equations
[19]. This Chinese mathematician chooses [19] initial approximate solution in the form
of exact solution with unknown constants. M. Ghasemi et al solved the nonlinear
Volterra's integro-differential equations [26] by using homotopy perturbation method.
In [21], the variational iteration method was applied to solve the system of linear
integro-differential equations. Also, J. Biazar et al solved systems of integro-differential
equations by He's homotopy perturbation method [22].
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The purpose of this paper is to extend the analysis of the variational iteration method to
solve the system of general nonlinear Volterra's integro-differential equations which is
as follows:
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In system (1), m is order of derivatives and the continuous several variables functions
H, andK,, i=12,.,n are given, the solutions to be determined areu,(x),

l

i =12,...,n . In Section 2, the basic ideas of variational iteration method are stated.

Three examples are given in Section 3 also; we compare our results with another
numerical method in this section. It is shown that this method is very simple and
effective. Finally conclusions are stated in Section 4.

2. BASIC IDEAS OF VARIATIONAL ITERATION METHOD

To illustrate the basic concept of variational iteration method, we consider the
following general nonlinear system

Llu(x)]+N[u(x)]=y(x),

where L is a linear operator, N is a nonlinear operator and y/(x ) is a given continuous

function. According to the variational iteration method [10, 23-25], we can construct a
correction functional in the form

0 () =1, (0)+ [ AGLIu, ()14 N [t ()] = (x)]ds,

where u,(x)is an initial approximation with possible unknowns, A is a Lagrange
multiplier which can be identified optimally via variational theory, the subscript
k denotes the kth approximation, and 1« is considered as a restricted variation [10, 23],
i.e. Sux =0. It is shown this method is very effective and easy for linear problem, its
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exact solution can be obtained by only one iteration, because A can be exactly
identified.
For solving (1) by the variational iteration method, for simplicity, we consider all of

terms as restricted variation except u;"(x), i =1,2,...,n . According to the variational
iteration method, we derive correction functional as follow:
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for i =1,2,...,n and the stationary conditions of the above correction functional can be
expressed as follows:

A (s)=0,

I+ (=D 27 (s) |, =0,

A7), =0, j=12,..,m=2, i=12,.,n
A ()| =0.

The Lagrange multiplier, therefore, can be identified as follows:

_ D"
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As a result, we obtain the following iteration formulas
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3. APPLICATIONS

In this section, we present some examples to show efficiency and high accuracy
of the variational iteration method for solving system of nonlinear Volterra's integro-
differential equations (1).



150 S. Abbasbandy and E. Shivanian

Example 3.1: [22] Let us first consider the system of nonlinear integro-differential
equations as follow:

u"(x)zl—%x3 —%v 'Z(x)%j: W) w 2(t))de,

v'(x)=-1+x> —xu(x)+ij: W) 2(@))ds,

u0)=1, u'(0)=2, v(0)=-1, v'(0)=0,
with the exact solutions
u(x)=x+e*, vix)=x —e".
According to (2) we have the following iteration formulas
e, (0) =u, () +] (s —x)[u;(s)—1+%s3 +%v,:2(s)—%I;(u,f(t)+v,f(t))dt]ds,

V() =v, )+ 6 —x)[v;(s)+1—s2+suk(s)—%j;(uj(z)—vkz(t))dz]ds.

Now, we choose initial approximations u,(x ) =2x +1and v ,(x ) = 1which satisfy initial
conditions then, we obtain

u (x)=1+2x +lx2+lx3+ix4+ix5,
2 6 12 60
Vl(x)=—1—lx2 ELPCIE
2 6 24 60

uz(x):1+2x+lx2+lx3+Lx4+ ! X7+ 1 x %+ 17 x|+ ! x >3 x°
2 6 24 120 720 5040 672 120960

1 10 1 11 1 12 1 13
- X+ x o+ x4+ x 7,
103680 228096 1900800 6177600
vz(x)=—1—1x2—1x3—ix4— : x°— : x - 1 x+ 13 x’
2 6 24 120 720 10080 241920
17 10 47 11 1 12

b

+ X + X + X
1036800 11404800 1267200

It is obvious that the iterations converge to exact solutions. This example has been
solved by the homotopy perturbation method in [22]. In order to show the efficiency
and high accuracy of the present method, in Figure (1), we plotted the error functions,
ie.



Application of The Variational Iteration Method 151

E™(X) =Y g () =¥ i (X),
Ehom(x ) =Y exvact (x)_yhom(x )

As we can see, this method is very effective and it is applied very convenient. Also, the
obtained solutions with 6 iterations are showed in Figure (2) graphically.
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Fig. 1: (a): Solid line: The error of VIM with third iteration fory, (x)s dashed line: The error of homotopy method with 3 terms for 3 (x)s (b): Solid
line: The error of VIM with third iteration for y, (x)s dashed line: The error of homotopy method with 3 terms for y, (x)-
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Fig. 2: (a): The error of VIM with sixth iteration for 4 (x) (b): The error of VIM with sixth iteration for y, (x)-

Example 3.2: [22] Consider the following nonlinear system of two integro-differential
equations

W) =1 v )+ [} (=00 O +uley O,

v/(x)=2x +j0 (G =t (t)—v 2 (@)+u())dt,
u(0)=0, v(0)=0,
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with the exact solutions
u(x)=sinh(x ), v(x)=cosh(x).

According to (2) we have the following iteration formulations

ukﬂ(x)=uk<x>—jj[u,;(s)—1+%v,?<s)—jj(<s —0W () +u, (O, () s,
V() =, ()= [ h () =25 = [ ((s =0, ()=} () +u] @) Jds.

With the initial approximation u,(x ) =0and v ,(x ) =1 which satisfy initial conditions,

then we will have the below approximations:

vz(x):1+lx2+ix4 L)66+Lx8,
2 24 240 2016

It is obvious that the iterations converge to expand of exact solutions. Also, as the same
of Example 1, obtained results by VIM and homotopy perturbation method on interval
[-1,1] are showed in Figures (3) and (4). We see again that variational iteration method

is very effective and highly promising.
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Fig. 3: (a): Solid line: The error of VIM with only second iteration for 3 (x)s dashed line: The error of homotopy method with 2 terms for 4 (x)s (b):
Solid line: The error of VIM with second iteration for y, (x)s dashed line: The error of homotopy method with 2 terms for y, (x)-
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Fig. 4: (a): The error of VIM with fifth iteration for (x) (b): The error of VIM with fifth iteration for y, (x)-

Example 3.3: [22] Consider the following other nonlinear system of three integro-
differential equations

u"(x)zx+2x3+2v'2(x)—j:(v'2(t)+u(t)w"(t))dr,
V() =3x % —xu(x)+ jo (Bev (") —w '(¢))dt,
w"(x)=2—§x3+u"2(x)—2u2(x)+j:(xzv(t)+u'2(t)+t3w"(r))dr,
w(0)=1, u'(0)=0, v(0)=0, v'(0)=1, w(0)=0, w'(0)=0,
with the exact solutions
u(x)=x2, v(x)=x, w(x)=3x".

Using the variational iteration method (2) with the initial approximations u,(x)=0,

v,(x)=1and W (x ) =0 which satisfy initial conditions, gives

e (0) =u, )+ [T =] (s)=s =25° =2 () + [ 0 () +u, (O] (0))de W,
V() =y, ()+ [ =) f () =37 +su, ()= [ (v (O] (0) —w | ()t Jds,
W)= )+ [ b [(5) =24 55" U 0)+ 2 6)

—[ GV O+ul O+t [ ()t 1ds

Then, we have the following primary approximations
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1
u(x)=x>+—x",
1(x) 0

1
v (x)=x +Zx4,

1
w(x)=x——x"+—x°,
() 157 60
uz(x):x2+ixs—Lx6+197 x®t - ! x’ + ! x' - ! x '
15 60 5040 336 7425 26400

7 41 I
X + X + X
630 3360 440
1 ¢ 13 5 227 94 1 10 1 11 1 12

wz(x)=3x2+zx5——x + x°— X x5+ X ——X
5 30 168 30240 1440 3960 6600

b

v,(x)=x +%x4+

In order to show the efficiency and high accuracy of the present method we showed
results on interval [—1,1] graphically in Figure (5).
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Fig. 5: (a): The error of VIM with sixth iteration for 5 (x) (b): The error of VIM with sixth iteration for y, (x) (c): The error of VIM with sixth

iteration for 1y (x)

Example 3.4: [26, 27] Now, let's test the VIM on the following linear system of two
Volterra's integro-differential equations
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w'(x)=1+x +x° —v(x)—j: @)+ (t))de,

vix)=-1-x +u(x)—j;‘ W)~ (1))dt,
u(0)=1, v(0)=—1,

with the exact solutions
u(x)=x+e*, vix)=x —e".

Above system was solved in [26] and [27] that results are the same. Using the
variational iteration method (2) with the initial approximations u,(x)=x +1land

v,(x)=—1, which satisfy initial conditions, gives

g (8) =t () = [ Tuf () =1=s =57 +v, () + [ @, () +v, () Ks,
V() =y ()= [TL () +1s —u () + [ (u, (1) =v, ()Mt Ks.

Then, we have the following primary approximations

1 1 1

u(x)=1+2x +—x’+—x°, v(x)=—1-x*—=x",

u,(x)=1+2x +lx2+lx3+ix4, vz(x):—l—lxz—lx3_ix“_Lxﬁ
2 3 12 2 6 12 60

It is obvious that the iterations converge to expand of exact solutions. In order to show
the efficiency and high accuracy of the present method we compared results on interval
[-2,2] with homotopy perturbation method and Adomian decomposition method

graphically in Figure (6). Also, the obtained solutions with 10 iterations are showed in
Figure (7) graphically.
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Fig. 6: (a): Solid line: The error of VIM with seventh iteration for 4 (x)s dashed line: The error of homotopy method with 7 terms for 4 (x)s (b):

Solid line: The error of VIM with seventh iteration for y, (x)s dashed line: The error of homotopy method with 7 terms for y, (x)-
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Fig. 7: (a): The error of VIM with tenth iteration for 3 (x ) (b): The error of VIM with tenth iteration for (x)-

4. CONCLUSIONS

In this paper, we have studied system of nonlinear integro-differential equations
with the variational iteration method. The initial approximation was selected arbitrary
not in form of the exact solution with unknown constants. The results showed that the
variational iteration method is remarkably effective and performing is very easy. In
addition, it has more accuracy than homotopy perturbation method and Adomian
decomposition method for this kind of problems.
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